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A major problem in homological algebra is the effective calculation of Ext, (K, K)
for a graded algebra over a field K. In topology, the problem comes up in evaluating
the E,-term of the Eilenberg-Moore spectral sequence and the E,-term of the
Adams spectral sequence.

In these and many other cases the algebra A is a coassociative cocommutative
Hopf algebra. By the (dual) Borel theorem (at least if K is perfect) such an algebra
is centrally solvable in the sense that there is a sequence of Hopf algebras and
maps

A—> - > Q= >0, —> 0, =1
0 0
A, Aqy

so that Q;=Q;,,//4;,+, and A=proj lim Q;; and each A4; is commutative.

Consequently, as a K-module A is isomorphic to X); 4;, but the multiplication
® differs from the tensor-product multiplication ®,. ® and ®,, however, are closely
related. This idea was explored in [1] and [2].

In this paper we take suitable resolutions U; ® A; (e.g. the bar-construction
B(4))), form UQ® A=(R: U;)) ® A=), (U; ® 4,), start from the tensor-product
differential d appropriate to @, and then form successive ““approximate differen-
tials D,, D,, D, ... by a perturbation process which, in the limit, gives a differ-
ential D appropriate to ®@. Since &X); (U; ® A4,) is usually much smaller than—say—
the bar-construction for A, this gives us a small resolution and hence effective
methods of computation.

The essential property of the resolutions U; ® A, is that they should be DGA-
algebras; since A; is commutative, B(A;) satisfies this condition. If A4; is written
as a product of monogenics 4;; ® A4;; ® --- and K has characteristic p, 4, ; is a
polynomial algebra on a generator e; ; truncated by (e;)?=0 for some k. For
these cases, the bar-construction has a simple form; thus, if A4;; is an exterior
algebra, B(4; ;) is a divided polynomial algebra given by e.e,=(r, s)e, ., if e,
=[ey ..., €] (r times). Thus, in this case, we get quite small, indeed minimal,
resolutions.

Received by the editors March 4, 1969.
Copyright © 1970, American Mathematical Society

157




158 V. K. A. M. GUGENHEIM AND R. J. MILGRAM [July

In particular, the Steenrod algebra 27(2) can be written as a twisted tensor-
product of exterior algebras on generators e; ; of degree 2/(2'—1). Thus, for calcu-
lating Ext o, (Z,, Z,) we obtain a resolution which looks like a polynomial
algebra on generators h;; of bidegree (1, 2/(2'—1)); the dual of a divided poly-
nomial algebra being a polynomial algebra.

In the case where truncated polynomial generators of higher truncation occur,
the associated bar-constructions are no longer minimal—but they are still quite
manageable. J. P. May, in his thesis, tries to obtain resolutions for his “associated
graded algebras™ by using tensor-products of Koszul resolutions which are
smaller than the bar-constructions; but difficulties result precisely because these
resolutions are not DGA-algebras.

The basic idea of our sequence of differentials D, D,, ... is the following:
Each D,: U® A — U ® A is a map of (4, ®)-modules; but D2£0. The difference
between ® and @, is best expressed in terms of a certain filtration {F,} of U ® A4
and D}F,<F,_,_,. This leads to convergence.

Similarly, we can start with a map which is a chain-map for the (untwisted) d;
and obtain a convergent sequence of maps the limit of which is a chain-map for D.

The filtration used in all this is, of course, related to a spectral sequence. One
might say that a filtration can be used in two ways: Analytically, to investigate a
given situation, or synthetically, to construct new differentials, maps, homotopies,
etc. The former is achieved, classically, by the method of spectral sequences; the
latter is the essence of the present paper.

The filtration we use for this is especially adapted to the process in hand; it is
not, in particular, the “augmentation filtration” used so successfully by J. P. May.
Under certain circumstances, however, the augmentation filtration can be closely
related to our method; the conditions for this are fulfilled, for instance, in the
case of the Steenrod algebra. In such cases, the combination of our (synthetic)
methods with the (analytic) use of the ‘“May spectral sequence’ appears to give a
powerful tool for computation; we try to illustrate this by the calculations which
begin in §5. This same case has been treated, using different methods by Mahowald
and Copeland, who have set up a machine computation, and by N. Shimada.

We are much indebted to many conversations with J. P. May; and to A.
Liulevicius whose careful reading of our paper has eliminated many obscurities,
and some errors.

0. Preliminary definitions. K is a commutative ring with unit 1 € K. Module
X={X,} (n € the integers) will mean “graded module over K”’; i.e., a sequence
of modules X, in the ungraded sense. If X,=0 for n<0, we call X a positive
module. We identify K with the graded module {K,} where K,=K, K,=0 for
n#0.

If X, Y are modules X ® Y is defined as the module with

XQ@ Y= 2 X,Q7%,

pa=n
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Hom (X, Y) by Hom, (X, Y)=(Hom (X, Y)),={Homg (X,, Y,.,)}. We embed
Hom (X, Y) ® Hom (X’, Y')in Hom (X ® X', Y ® Y’) by the definition (f® f')
(xQ@x)=(—D)PYx ®f'x"if xe X,,f e Hom,. (X', Y'). If f, g€ Hom (X, X) have
gradings p, q respectively we define the commutator [f, gl=fg—(—1)"gf. A
connected module X will be a positive module with X,=K; in this case the unit
and augmentation n: K — X, e: X — K are defined in the evident way; a map of
connected modules f: X — Y is an element of Hom, (X, Y) such that f| X, =the
identity.

Let X; (i=1,2,...) be a sequence of connected modules (the n-dimensional
component of X;is X;,); we embed X; ® --- ® X;in X; ® --- ® X;,, in the
evident way and define

R%=-QX=-U X o

An algebra 4=(4, ¢) will be a connected module together with an element
¢ € Hom, (4 ® A4, A) satisfying the usual conditions (including associativity).
A (or, rather, @) will be said to be commutative if ¢(x ® y)=(—1)"%p(y ® x)
forxe d,,ye A,

The meaning of terms like “map of algebras”, “A-module”, “map of A4-
modules™, etc., are the usual ones.

For a connected module X, /(X) denotes the “augmentation ideal”, i.e.,

(X))o =0, (I(X)n=X, if n>0.
In the sequel much use will be made of bigraded modules U={U,, ,}. If Uand V
are bigraded, we define U @ V by
(U® V)m.n = 2 Up,r & Vq.s

P+q=m,r+s=n
if X={X,} is graded, bigrade U ® X by
(U® X)m,n = Z Um,r ® X..

r+s8=n
A map of bigraded modules G: U — V of type (k, €) is a sequence of maps
Um.n g Vm+k.n+e'

We shall always refer to the first grading as the degree, the second as the di-
mension; thus, the grading of singly graded modules will be regarded as a
dimension.

Most of the maps we shall consider will be of type (k, 0); the various formulas
for signs then simply reflect the degree; cf. [4, p. 299].

If U={U,, .} is positive in both gradings, we define IU by

V) =Upyp if m>0o0rn>0,

=0 ifm=n=0.

The projection U — U, o< U will be denoted generically by II,.
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1. Twisted algebras.

1.0. Let (4;, ) (i=1,2,...) be a sequence of algebras and A=) 4;,. We
can give 4 a product @;: 4 ® 4 — A4 in the usual way: Suppose a; € 4; ,, b; € A; m,
anda=a, ® --- Q a;, b=b, ® --- ® b;; then

Dy(a ® b) = ab,
=(—1)Yab; ® --- @ ab,

where e=my(ny+ - - +n)+my(ns+---+n)+---+m;_1n; and ab;=¢la;  b;).
Using this notation and the embedding implicit in the definition of ) 4;, we shall
often write @,a,- - -a;=a, ® -- - ® a;; etc.

Into this context we introduce the following * weighted dimension filtration™ :
F,=F,A is the submodule generated by terms of the form a¢; ® a; ® - - - ® a;,
where a; € 4, ,,, such that ‘

n1+2n2+ e +in; 2 —D.

Clearly F,A=A if p=0, F,cFp,q, (p Fp=0, Oy(F, @ F)<Fp 4,

All this being given we make the following

1.1 DerFINITION. (A, @), or more precisely ({4;, ¢;}, @) is a twisted algebra if
@®: A ® A— A is an associative product with unit and the following conditions
are satisfied:

(0) Each ¢ is commutative.

(1) (Convergence Assumption). There is an integer-valued function on (i)
with y(i) — o as i — oo such that 4, ,=0 if 0 <n <y(i).

(2) ((D_d)o)(Fp ® Fq)ch+q—1-

(3) (P—Do)(A ® IA+1A4, ® A)SIL A1 R - ® 4, ® 4.1,

It follows from (2) that ®(F, ® F,)<F,.,. We shall write a o b=®(a ® b) and
refer to @, @, as the twisted, untwisted multiplication respectively.

Suppose ({B;, ¢}, ®) is another twisted algebra, where with the customary abuse
of notation we use symbols like ¢;, @ generically, and g;: 4; — B; a sequence of
maps of algebras, then g=X), g;: 4 — B is called a map of twisted algebras if
D(g ® g)=g®. Thus, for g to be map of twisted algebras we require g(a o b)
=g(a) - g(b) and g(ab)=g(a)g(b).

Note that in all these definitions the case of a finite tensor-product is included:
condition 1.1(1) is then vacuous.

1.2 EXAMPLES.

1.21. Let A4,, A, be algebras. We then have the concept of the “twisted tensor-
product of algebras”, cf. [1, 8.1,]. Here we have the conditions

G0G; = ta30a;, = a, @ @z,  Gy0a; = a5,

a; o a;—alai EAl ® I(Ag).

Condition 1.1(2) follows easily.
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The iteration of twisted tensor-products of algebras will, in general, not produce
a twisted algebra in the present sense. An important exception arises as follows:

1.22. Let (4;, @;, ¥;) be fully commutative Hopf algebras (i.e., ¢; and ¢;: 4; —
A; ® A; are both commutative), and suppose that Q;=(4, ® --- ® 4;, ;, V)
is a Hopf algebra where we assume inductively (i.e. for each i): (i) Q;,,,=0;
® A;,, is an extension of Hopf algebras in the sense of [1], (ii) the twisting func-
tions B: Q; — A;,, ® 4;,, are zero.

What condition (ii) amounts to is that ¥, is, for each i, simply the untwisted
coproduct.

In this case we can prove (using the formulas of [1]):

1.221 LEMMA. (4, ® - -- ® A;, D)) satisfies condition 1.1(2); i.e., is a twisted
algebra.

The most important case of this is the representation of the Steenrod algebra
given by Milnor: The fact that the coproduct is “untwisted” in this case follows
from the fact that the dual of the Steenrod algebra is a polynomial algebra—i.e.
has an “untwisted” product in terms of the representation. The fact that the
Milnor representation of the Steenrod algebra satisfies 1.1(2) (1.1(0) and 1.1(1)
are obvious) can, of course, be read off directly from the multiplication formulas
(i.e. the comultiplication formulas of the dual algebra). We leave these details
to the reader.

Returning now to the case of 1.22 we see that the untwisted coproduct, when
regarded as a map (4, ®) > (4 ® 4, D,g,) is precisely a map of twisted algebras
in the sense of 1.1; here 4 ® A4 is, of course, regarded as the twisted algebra
i (4; ® A)).

2. Twisted complexes.

2.0. Let A be an algebra. We shall say that (U, 4, d) is a complex (over A) if
U={U,,.} is a bigraded K-module, positive in each grading with U, (=0 if m>0,
Upo=K;and d: U® A — U ® A4 is a map of A-modules, of type (—1, 0), such
that d2=0, I1,d=0.

If there exists a map of bimodules s: U ® A — U ® A of type (1, 0) such that

ds+sd = [d, s] = identity — I,

then we say that (U, 4, d, s) is an acyclic complex, or a resolution of A.
ExaMPLE. The bar-resolution, cf. p. 299 of [4]. The bar-resolution satisfies the
additional conditions:

sUR A)<=U, sU=0

which define it uniquely.

If 4 is a commutative algebra, the bar-resolution B(4)=B(4) ® A is a com-
mutative DGA-algebra; the product induces in B(4) the structure of a commuta-
tive algebra, cf. [4, p. 312]. Moreover, by 1.1(1) B(4)n.=0 if k<my(i).
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Accordingly we make

2.01 DerINITION. (U,, A4, d;) is called a good resolution if

(i) (U; ® A,, d;) is a DGA-algebra.

(i) The product induces in U; the structure of an algebra.

(iii) U, =0if k <some function of m and i which — co as i — oo, (m, k) # (0, 0).

2.1. Let (4, ®)=({4;, ¢}, P) be a twisted algebra. Suppose (U, 4;,4d;) is a
good resolution for A;, with chain-homotopy (s;). We define U=, U;=U,
® U,---. We extend the filtration of 1.0 to U® A as follows: F,=F,(U ® A4)
is the submodule generated by all terms of the form

U Qu Q- Qu@a
where u; € U, , », such that

ny+2n,+ - - - +in,—(filtration @)—m; —my— - - - —m; 2 —p.

It is well known that a resolution (U, 4, d) for the algebra (4, ®,) is obtained
if we choose d=d,+d,+ - - -, where, with an evident ‘“abuse of notation” we
denote by di: U® A — U ® A the evident map induced by d;; we leave it to the
reader to fill in the matter of the appropriate sign ---; s=t,+1,+--- where,
observing that U® Ax(U;® 4;) Q@ (U ® 4,) @ -+, t,=(U; ® 4;) Q- -
QU1 ® Ai_1) Q 5 R 6,2 ® --- and ¢ stands for projection on terms of
bigrading (0, 0) in (U; ® A4,); we use X for the identity map of the object X.

It is now easily seen that dF,<F,_,, sF,<F,, ;.

Since (U, A;, d)) is a good resolution, cf. 2.01, U, is an algebra. We can thus
give U the structure of an algebra with the usual (untwisted!) formula for tensor-
products. Thus U ® A has two algebra structures:

(i) (Untwisted): Using @, for A. We shall denote this extend product also
by ®@,.

(ii) (Twisted): Using @ for 4. This will still be denoted by ®.

Note that the two products differ only in regard to 4: We have the same product
for U.

(U, A, d, ®,) is a differential algebra. It is easily seen that

DOy(F, ® F)) © Fyyp
Also, formula 1.1(2) holds with the extended meanings of ®, F, and hence
(D(Fp ® Fq) < FP‘HI'

If w,w' e UQ® A, we shall continue to use the notations ®o(w @ w')=ww’,
D(w @ w)=wow'.

2.2. With all the data of 2.1, we make the following

DeriNITIONS. (i) ITI,: U® A — U ® A is the projection onto the summand
U, 4)® - ® (Ui_, ® A;_1) ® I(U; ® A, if i>0. I, is the projection onto
terms of bigrading (0, 0). If I, denotes the identity on U; ® A4, then II,=; ® - --
QL1 QLi—e)Q &1 Qesa®---.
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() : U, - - QU >URA, *1: U, 1Q U2 @ >UR A4, 1.: A~
U ® A are the natural injections.

(i) If G:U® A—->U® A is a map of bigraded K-modules, we define
LG):UR®RA—->UQR A by

LG) = D O{l;,,Gy® ¢ ® 1y
i=1

(we extend the meaning of ® to 3 factors!).

A map of (4, ®)-modules will be said to be ®-linear. Clearly L(G) is ®-linear.
A much simpler way of deriving from G a ®-linear map is given by

@(iv) I(G)=D(Gi, ® 1y).

Notice that if GF,<F,,, (for all p and a fixed k), then the same is true of L(G)
and /(G).

2.31 DerNITION. (U, 4, D, d) or, less accurately, (U, A, D) will be called a
twisted complex over the twisted algebra 4 =(4, ®) if we are in the situation of
2.1, 2.2 and if

(i) (U, A, D) is a complex over (4, ©).

(ii) (D—d)F,<F,_,, L(D—I(d))=D—-1(d).

The twisted complex will be called a twisted resolution if there is a contracting
chain-homotopy S such that SF,<F,,,.

2.32. Next, let g=&) g;: 4 — B be a map of twisted algebras, cf. 1.1, and let
(V, B, D) be a twisted complex over the twisted algebra B. Since we have only
used good resolutions, cf. 2.01, U; ® A4;, V; ® B, are differential algebras. We now
make a further assumption:

2.321 AssumpTION. (i) g; induces a map of DGA-algebras U; ® 4; — V; ® B,.

(ii) g U, <V, so that g;|U;: U, — V, is a map of algebras.

The main examples are: Our “good resolutions” are in fact bar-constructions;
or g; is the identity map.

2.322 NoTATIONS. The induced map U; ® 4, — V; ® B, will still be denoted by
g;themap @ g;: U® 4 — ¥V ® B will still be denoted by g. Now, let G: U® 4
— V' ® B be a map of bigraded K-modules, of type (k, 0). We define L(G): U® 4
— V' ® B, of the same type, by

L(G) = Z O{I1,,1G, @ g+ @ a8}
i=1

where gitl=i*Y(g,, ® --). Clearly L (G) is “g-linear”, i.e., L(G)(u ® a)
=L, (G)(u) - g(a). A much simpler way-of obtaining a g-linear map is /,(G)
=®{G., ® g}. Clearly L, I of 2.2 are special cases of L,, I, for g=identity. Note
I(g)=g, L,(g)=0; recall that we are using the symbol g for a map 4 — B; and
its extension to the resolutions!

In all these formulas we have used, informally, the isomorphism &); (U; ® 4,)
=(®¢ U)® 4.
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2.33 DEFINITION. G: U® A — V' & B will be called a map of twisted complexes

(extending g) if it is of type (0, 0), g-linear and
(i) DG=GD,

(i) GF,=F,,

(iii) L(G)=L(G—g)=G—¢g.
The fact that the composition of two maps of twisted complexes is a map of
twisted complexes will follow from 2.34 and 2.36 below.

2.34. Retaining the notations of 2.32, let #: B — C be a map of twisted algebras,
(W, C, D) a twisted resolution of Cand H: V&® B— W ® C a map of bigraded
K-modules.

LEMMA. (i) hL,(G)=L,,(hG), (ii) L,(H)g=Ly,(Hg).

The proof is easy; once again, we recall the “abuse of notation” involved in the
use of the symbols A, g, cf. 2.322.

2.35. This section is preliminary to the proof of 2.36.

Let u;e U, (i=1, ..., n); since the product for the U;’s is the untwisted one we
can write wuy---u, for u; @ - Q u, and wuy- - -uuy for (U, @ -+ -  uy)uy,
u, € U,. Also, let giu;=v; € V;. Now,

Lg(G)(ul v 'un) = 1-[2(;(141)02' U R o HnG(ul t 'un—l)vn
+ > LG u,)

r=n+1

from which (and the fact that L,(G) is “g-linear’’) we easily deduce the following
formulas:
II,L(G) = II,L,(G) = 0,
ILL(G); =0 if i <},

ML, (G) i) = { 2 TLG) 1) bIT,) +T, LG )
and, in particular

ML)y ) = {Z 1,L,(G) s -un-l)}(n,.v,.)+{n,.Lg(ul- )}

MLL,(G)uy - - - ty) = n:;zul. cw) if Q>

2.36. We retain the notations of 2.32, 2.34, 2.35.

LEMMA. (i) Ly(Ly(G))=L,(G),
(ii) If G=L,(G), H=L,(H), then HG=L,,(HG).

Proof. In both cases, we use the formulas of 2.35, and an induction on n.
(i) is then nearly obvious.
To prove (ii) it clearly suffices to prove equality on u,u,- - -u, where u, € I(U,).
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Let gu;=v;, hv;=w;,. Clearly Il u,=u,, Il,v,=v,, I1,w,=w, where w, or v, may be
zero. Now

Ly (HGY(uy - - -un) = 0 if i<n,
= z HY(HG)(ul ‘ ’un—l)wn if i = n,

r=2
= IL(HG)(us - - -uy) if i >n,

using 2.35 and the inductive hypothesis. Now, since G=L,(G), H=L,(H) we have
M,G=11,G=0, II,GI1;=0 if i<j and similarly for H. Hence,

LHG(; - - -u,) = TLH D TL,G(uy- - -u,)

r=2

= ILLH Z IL,G(uy - - -uy).
r=2

Now, II,G(u;- - -u,)=II,L(G)(u;- - -u,)=0 if r<n, and hence I;HG(u,- - -u,)=0
ifi<n.

It therefore remains to prove that II, HG(u, - - -u,)=I1,HII,G(u, - - -u,) is equal
to IT,L,,(HG)(u, - - -u,). Now, since G=L,(G) we have

n,G(u;- - -u,) = {i I,G(u, - - 'un_l)}v,,

r=2

and hence, since H=L,(H),

ILHI,G(u,- - -uy) = {z > HSHH,G(ul---u,,_l)}wn.
§=2 r=2

Now, since II,HII,=0 if s<r, we can add all the terms II,G for r>n without
changing anything. We get

{i 1-IsIJG(ul’ ' 'un—l)}wn

exactly as required. Q.E.D.

3. Perturbations.

3.0. Let (U, 4, D) be a twisted complex over the twisted algebra (4, ®). Due
to the convergence assumption 1.1(1) and 2.01(iii) there is a lower bound for the
filtration of all nonzero elements of (U ® A),, .. Suppose now we have a sequence
of maps of bimodules G;: U® 4 -V & B (i=1,2,...), where (V, B, D) is a
second twisted complex, each G; of type (k, /) satisfying the condition

GF,(U® A) < F,_s(V ® B)

for all p, where 8(i) — o0 as i — c0. Then it follows that for w € (U ® A),., there
is an integer j such that G;w=0 when i 2.
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Using this remark, we shall say that G; — 0 as i — co.
If Gi: U® A — V ® B, similarly, satisfies the condition

(G,—GYF(UB A) = F,_sa(V® B)

when j21i, 8(i) — oo, then for each w e (U ® A),, , there is an integer j such that
Gw=Gw for all i, i’ =j. In this case, there is a well-defined map

GURA—>VQ®B

which can be regarded as lim,_, ,, G;.

We can now explain the basic idea of this paper: Beginning with certain maps
‘“appropriate” to an untwisted resolution (U, 4, d) of (4, ®,) we obtain sequences
G, such that lim,, , G; exists and is ““appropriate” to a twisted resolution (U, 4, D)
of (4, ®). To shorten statements, we shall use the notations introduced in 2.1,
2.2, 2.3 without further explanation.

3.1. Our first example is very simple.

PROPOSITION. Let (U, A, d) be a resolution of (4, ®,) and (U, A, D) a twisted
complex over (A4, ®) (cf. 2.31), then (U, A, D) is a resolution.

Proof. We need only prove the existence of a chain-homotopy for D. We define,
inductively,

Sl =g,
An = [D, Sn]_l'l'HO (n 2 l)’
Sﬂ+1 = S,,—SA,,.

Let us write =D —d, so that by 2.31 oF,<F,_,. We shall prove by induction
that A, F,<F,_,. Since [d, s]=1—1I,, we have A,=[D, s]—1+1II,=[o, s] which
verifies the case n=1.

We now calculate:

[D, Su+1] = [D, S,]1—[D, sA,]
= A+ 1-1Iy—[d, sA,]—[o, sA,]
= A+ 1-To—dsA,—sA,d—[o, sA,]
= A+ 1-To—dsA,—sdA, +s[d, A,]—[o, sA,]
= A+ 1-Ty—(1-M)A, +s[d, A,]—[o, sA,]
= 1-Tly+s[d, A,]—[o, sA,),
for I A, =11,DS,+11,S,D— I+ I,II,=0 since I1,D=11,S,=0. Hence
Apsy = sld, As]—[o, sA,).
Now [d, A, ]=I[D, A,]1—[o, A,], and [D, A,]=0 as is easily verified ; hence
Ani1 = —slo, As]—[o, 5A,]

from which A, ,F,<F,_,_, is immediate.
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Hence A, — 0 and S, — S as n — oo, with [D, S]—1+1I,=0. Q.E.D.
Note that the condition L(D—I(d))=d—1(d) was not used in the above. The
reason for this condition will appear later.
3.11 ADDENDUM. SF,<F,,;.
3.2. Continuing with the notations of 2.1, 2.2, 2.35 let ¢;=I(d;), ue U,
uelU,,acAd,aeA.
Oua-u'a) = (—1)*0,(ui'a - a’)
= (=1D*ouu')oao-a
= (= 1)*{(dw)’ +(—1y’u(du)}ca-a,

oua) o 'a’ +(—1)Pua - o(u'a’) = (du)ocaov'a’ +(—1)ua- (du') o a’
= (—Dduwu’ caca +(—1)yP*suldu’)oaoad
+(=1yufa o (du)—(—1)(du')ca} o a'.
Hence,
Ofua o v'a’) = oua) o u'a’ +(—1)’ua - o(u'a’)—(— 1)°ula, du'] o a’
where the commutator [a, diu'] is taken, of course, in the sense of the product ®.
Note that this “error-term” is zero if a=1.

3.31. Referring now to 2.32, let G: U® 4 — V ® B again denote a map of
bigraded K-modules. We define

oi.g(G) = (D{tHIGLi ® g‘“ ® lgg} (Cf 21)
and

6,(G) = i 6,.(G).

Note that 6,(G)=L,(sG), for II,,,s=t,,,. Calculating, now, as in 2.35, 2.36, it is
easy to verify the following formulas:

[95, 6:,4(G)] = 6, 4[0;, G] ifj <i+l,
= O{I];,,Gy ® g'** @ 158}

+ Xi141,6(G)+ 0,604, G] ifj = i+],

= 0, ,[0;, G1+ X,.;.,(G) ifj>i+1.

If the ““error-term™ of 3.2 did not exist, neither would the functions X; ; ,(G):
These are simply the accumulated ‘“error-terms’ and are easily seen to satisfy
the following conditions:

Xi,1,0(G) ety - 1) = 0 if n <j,

= Xi5.o(G) Uy - uvj 410, if 02,

where, as before, v, =gu, =g,u,. From this we easily deduce

Ly(X1.1,6(G)) = X.,1,4(G).
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Finally, we notice the following: If GF,=F,_,, then X ; (G)F,=F,_,_,; this is
true because, due to 1.1(2), the commutator “error-term” in 3.2, will have filtra-
tion at least one less than either of the two products.

Summing now over both indices and writing

XG) =5 3 X460

j=i+1
we obtain, since > 9;=1(d):

3.32 LeMMA. Writing D,=I(d), [D, 0,(G)]=06,[D,, G1+L(G)+ X,(G) where
X,(G) satisfies the following conditions:

(') Lng(G)= Xg(G)'

(ii) If GF,<=F,_y for all p, then X(G)F,<F,_j _;.

3.4. As yet, we have not proved that twisted resolutions exist at all. We can
now prove this; the main application of the next theorem, however, is not merely
to prove existence: It is a practical means of finding resolutions for twisted alge-
bras; that is the main reason for this entire paper.

THEOREM. Let (U, A, d) be a resolution of (A, ®,), as in 2.1. Let D,=I(d)
(cf- 2.2) and, inductively,
Dyyy = Dy—0(D7) (nz1)
where 0=10, for g=the identity on A, cf. 3.31. Then lim,_ ., D,=D exists, and
(U, A, D) is a twisted resolution, cf. 2.31.

Proof. From 1.1(2) we obtain immediately that (D, —d)F,<F,_,; also, from
d?=0 we easily deduce DZF,=F,_s; finally a detailed verification shows L(D?)
= D3. This is proved, using the method of 2.35, 2.36 and an induction on n.

We now prove inductively (i) D2=L(D32), (ii) D2F,<F,_,_s.

For n=1, we have just indicated the proofs.

Di.1 = Di—[D,, 6(D)]+{8(D3)}>.
Now, let us write D,=D,— D,=—6(D%)—---—6(D2_,).
[Dy, (D] = [Dy, 6(D)]+[Dy, 6(D3)]
= 0[D,, D31+ L(D})+ X (D7) + [ Dy, 0(D3)].
Hence, remembering that L(D2)= D2,

D31 = 0[Dy, D}]—X(D7)—[Dr, 6(D3)]+{6(D)}.

Now, since 8(G)=L(sG), it follows immediately from 2.36 that L(D2,,)=D2,,.
Also, since Dp=—0(D3?)—---—6(D?%_,), the inductive hypothesis gives D,F,
<F,_,. Also [D,, D3}=[D,— D, D?]= —[D,, D?]. Hence, the terms 6[D,, DZ]
and [D;, 6(D?)] decrease filtration by at least n+3; so does {6(D2)}?, since 2(n+1)
2n+3; finally X(D2)F,<F,_,_3 by 3.32(ii).
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This completes the inductive proof of (i) and (ii). Hence DZ — 0 as n — o in
the sense of 3.0 and
D = lim D, = lim {D,—6(D})—---—6(D2_,)}

n— o

exists, with D?2=0.

From the definitions, D, are all A-linear; hence so is D; (D—d)F,=F,_, is
immediate since D; —d=1I(d)—d has this property, and 8(DZ)F,=F,_,_;. Since
—D;,=0(D3)+---+6(D%_,), LD, = D,, whence L(D— D,)=D— D,.

This completes the proof of the fact that (U, 4, D) is a twisted complex over
(4, ®). Hence it is a resolution, by 3.1. Q.E.D.

3.5. Next, by a similar method, we prove the existence of maps of resolutions.
Let (U, 4, D), (V, B, D) be twisted complexes, g: A — B a map of twisted algebras,
cf. 1.1. Asin 2.32, weextend gtoamap g: U® 4 — V' ® B. Clearly g is a map of
bigraded modules of type (0, 0) such that dg=gd, i.e. [g, d]=0. Writing, again,
D, =1(d), we easily see that, also, [g, D,]=0; note g=1I,(g). Finally, assume that
(V, B, D) is a resolution.

THEOREM. With these data, define inductively
Gl =8 Gn+1 = Gn_og[D, Gn] (” = 1)
then lim, ., G,=G exists; and G is a map of complexes extending g, cf. 2.33.

Proof. We prove inductively that (i) [D, G,]=L,[D, G,] and (ii) [D, G,]F,
CFp—n—l-

Writing, again, D'=D— D,, we have D'=LD’. Hence, by 2.34, D'g=(LD')g
=L, D'g) and, similarly, gD’'=L,(gD’), whence [D’, g]=L,[D’, g]. Also, [D,, g]
=0. Hence [D, g]=L,[D, gl

Since D'F,<F,_, and gF,<F,, [D, glF,=[D’, glF,<F,_,; and the verification
for n=1 is complete. Now

[D, Gu+1] = [D, G,]—[Dy, 6,[D, G,]]1-[D’, 6,[D, G,]]
= [D, Gn]_ og[Dl’ [D’ Gn]]_LQ[D, Gn]— Xg[D’ Gn]_ [D’, eg[Da Gn]]
= BQ[D, [D, G,]1—- Xg[D’ G,]1-[D’, Bg[D’ Gn]]
from the inductive hypothesis, and using D;=D— D’.
(i) now follows easily from 2.34 and 2.36; and (ii) from the inductive hypoth-
esis and D'F,<F,_,. The rest of the proof is now exactly like the last part of 3.4.
3.6. It is interesting to observe that the results of 3.4, 3.5 can be written as
infinite series. Writing x, = Dy, x;=—0(D?_,) (i22), y, =g, yi=—0,[D, G;_,] we
have D=z:’;1 X, G—_-Zic?__l Vi Where xinch_;, yinCFp_g.'.l.

4. Spectral sequences. The filtration F leads to various spectral sequences.
Since we want to introduce at least one other filtration, we consider filtrations in
slightly greater generality.
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4.11 DEerINITION. If (4, ¢) is an algebra we call (4, ¢, F) a filtered algebra or
& a filtration of (A4, ¢), if & is an increasing filtration of the module A4 such that

PBrAd @ FoA) < Fp o).

4.12 DEerINITION. Let (A4, ¢) be an algebra, & a filtration of (4, ¢). Let (U, 4, d, 5)
be a resolution of (4, ¢) (cf. 2.0). A filtration {F,(U ® A)}=%F of the module
U ® A will be called an admissible extension of &|A if

) FUR A) N A=F,A.
(i) dFp=Fp-1, $Fp = Fps1-

(iii) Given integers (m, n) there is an integer p(m, n) such that F, N (U ® A)p.»
=0 when p <p(m, n).

4.13. Note that if (4, ¢, &) is a filtered algebra the associated graded module
is an algebra E°4; E°A is bigraded with

Fp N Aps
E°A — P pts
( )p.s %p—l N Ap+s
As a graded algebra, we take p+s as the grading of E°A.
4.2. If A is a graded algebra, we write, as usual, H*(4)=Ext%{K, K), where k
is the homological and ¢ the ““internal’’ dimension; cf. [4, p. 298].

THEOREM. Let (A, @, ) be a filtered algebra. Let (U, A, d, s) be a resolution of
(A, 9), and let ¥ also denote an admissible extension of . Then ¥ induces a conver-
gent spectral sequence (E?P***, d,) with d,: EP*%t — EP+"9-7+Lt and such that

(i) Eg@t=HP*1"tE°A),
(ii) Ez%t=E°(HP*17%YA)) for some filtration of H? 7~ A).

Proof. Since d¥,<,_;, in the spectral sequence (E", d") induced by &, d°=0
and E°=E?", Since sF,<J, 1, s induces a chain-homotopy in E* which therefore
is a resolution of E°A. Applying now the functor Hom, ( , K), the statement
(i) is apparent.

4.21 ADDENDUM. In the same situation, if (U'A,d’, s') denotes a second reso-
lution (A,-¢), and &' an admissible extension of & for U’ ® A, then the spectral
sequences of 4.2 induced by & and ' are isomorphic from E® on.

Proof. Due to condition (ii) in 4.12, the chain-map U® A — U’ ® 4 con-
structed in the standard comparison theorem is filtration-preserving. This map
therefore induces isomorphisms throughout the spectral sequence from EZ2 on,
since the necessary chain-homotopies occur in E*.

4.3 ExampLEs. (i) The filtration F of 2.1, associated with a twisted resolution
of a twisted algebra, of 2.31, is admissible. For reference we shall call this filtration
the weighted dimension filtration.

Note that in this case E°4 x (4, ®,) by 1.1(2).

(ii) Let (4, ¢) be an algebra. The augmentation filtration ¥ is defined by letting
F_o(4) be p(IA ® - - - ® IA) (p factors) for p<0 and F,(4)=A for p20. If 4
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is projective, this can be extended to the bar-construction, by letting &, be the
submodule generated by all elements afa,, a,, ..., a,] for which a e F,(A),
a; € Fp(A) and g+p,+ - - +p.,+n=p.

This filtration is admissible; it has been introduced and much considered by
May; we call it the May-filtration; the corresponding spectral sequence 4.2 we
call the May-spectral sequence.

(iii) In exactly the same way, the filtration F of 1.0 can also be introduced into
the bar-construction of (4, ®). This case, exactly as (i) above, has E°4 =(4, ®,).

4.4. For computations, the May-spectral sequence is convenient; since it is not
that of a twisted resolution it is, in general, not related to the methods of §3; in
particular, if we find D by the method of 3.4, there is no reason to suppose that it
will be “compatible” with the May-filtration of the bar-construction.

In certain cases, however, something of this sort is true. Suppose ({4;, ¢;}, )
is a twisted algebra, cf. 1.1. Let &' be a filtration of A4;. We define the associated
weighted filtration & of A=); A, as follows: &,4 is generated by all monomials
a,®a; ® - - Q a, where a; € F,(4;) and p, +2p,+ - - - +np, < p. Thus, we obtain
the filtration of 1.0 if each 4; is filtered by negative dimension. If, cf. (2.1), (U;, 4;, d;)
is a resolution of (4;, ¢;), suppose that &' has been extended to U; ® 4, so as to
satisfy condition 4.12. We can then extend & by using the same method, to the
associated weighted filtration of U ® A; this will satisfy 4.12 in relation to the
untwisted differential and homotopy d and s.

Suppose now that the weighted filtration satisfies ®(F, ® F,)< Fp+4; in general,
this will not be the case; though certainly @y(F, @ F)<=Fp+a-

Then it is easily verified that if G: U® 4 - U ® A is such that GF,<Fp .k
(for some fixed k), then

(LiG)Fp < psre  (cf. 2.32),
(egG)%p < %p+k+1 (Cf 331)

Hence, it is easily seen that the behavior with respect to filtration is not changed
by the sequence of perturbations in 3.4 or 3.5.
We have proved:

4.41 LeMMA. The associated weighted filtration & obtained from a sequence of
admissible filtrations is admissible (in relation to S, D, of 3.1, 3.4), provided

D(Fp @ o) < Fp4a

4.42 ReMARk. Note that for the case of the weighted dimension filtration the
condition is a consequence of the stronger condition 1.1(2). This condition will
in general not be satisfied by the admissible filtrations of 4.41. Hence, even though
one may prefer, in calculations, to use another filtration, the weighted dimension
filtration is essential for the convergence proofs of §3.

4.5 AprPLICATION. The Steenrod algebra (mod p) is a twisted algebra; A; is the
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divided polynomial algebra generated by the element dual to £; tensored by the
exterior algebra generated by the element dual to 7;, using the notation of Milnor,
[10]; in the case p=2, 7; is absent. If R=(r,, ..., r;) is a sequence of integers, the
element dual to £7- - - £/¥ is denoted by P(R); the element dual to 7; is denoted by
Q.

4.51 LEMMA. With this representation of the Steenrod algebra, the augmentation
filtration and the weighted filtration associated with the augmentation filtrations of
the A; are identical.

Proof. If x € A, following May, we write w(x)=n if
xe ®((IA)") and x¢ O((IA)"+?).

If R=(ry,...,r.) and r;=27,a;;p' is the p-adic expansion of r;, then we have
Theorem I. 2.2 of [7]:

Wm=22m

the “w” of the dual of &}t in 4; is easily seen to be exactly >%, a;;. (Recall that 4,
is a divided polynomial algebra.) Hence w(P(R)) is obtained from these numbers
exactly by our weighting. Formula (iv) in Theorem II. 1.1, namely Q,,, =[P, Q/],
gives, by an evident induction, w(Q,)=1, while the weight of Q; in 4, is clearly 1.
Q.E.D.

4.52 CoROLLARY. The weighted augmentation filtration satisfies the condition of
4.41 in the case of the Steenrod algebra.

4.53 CoROLLARY. The spectral sequence of 4.2 obtained by extending the (weighted)
augmentation filtration of the Steenrod algebra to any admissible filtration of a
twisted resolution is isomorphic, from E? on, to the May spectral sequence.

Proof. 4.21.

4.6. If A is a Hopf algebra, it is well known that the diagonal $: 4 - A4 ® 4
can be extended to a map of resolutions J: UQA—>UQ U AR AxU
® AR® U A4; and that this map induces the multiplicative structure of Ext.
If ¢ is filtration-preserving, i.e., if ¥F, <>, F R &, if U 4 has an ad-
missible extension of the filtration ¢ of A4, cf. 4.12, then, by the same argument
as in the proof of 4.21, ¢ is filtration-preserving. This implies that the spectral
sequence, cf. 4.2, is multiplicative:

4.61 ADDENDUM TO THEOREM 4.2. Under the conditions of 4.2, if (A, ¢, ¢) is a
Hopf algebra and if 4 is filtration-preserving, we have the further results:

(iii) (E,, d,) has the structure of a trigraded differential algebra.

(iv) The isomorphisms of 4.2(i), (ii) are isomorphisms of algebras

E?—> H*(E°A), E.,—> E(H*A).
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5. The subalgebras <7;, of the Steenrod algebra /. In this and the following
sections we use the techniques developed earlier to give a partial computation of
Exty,, (Zs, Z,) where o, is the subalgebra of the (mod 2) Steenrod algebra &7
generated by Sq*, S¢, ..., Sq%, cf. [9, p. 23].

5.1. We start by giving the

5.11 DEFINITION. g, is the dual of ] in Milnor’s description of =/ [10].

NoTE. In particular ¢, ;= Sq’.

5.12 THEOREM (MILNOR). Every element in o can be written uniquely as a sum
of elements of the form g ; - - -qi ;, with 0<i, Sip< -+ - Siyy ju <Jis1 If ie=1lx+1 and
each jy is a power of 2.

Thus we obtain a complete knowledge of the multiplicative structure of & if
we can express all squares (g;,»/)? and all commutators [g; o, gy, o!] in the standard
form 5.12. The subalgebra .+, is generated by all ¢; »» where j<t, i+j<t+1. Q,,
in the notation of 1.22, is generated by g¢; ; with i<n. The twisting function of
Oni1=0, & A,,, is obtained by writing all commutators of generators in Q,
and observing the terms with g, ., ;.

5.2. The algebra <43, As a twisted tensor-product, %5, has 10 generators,
namely q;,1, 41,2, 91.4> 91,8 92,15 92,2 92,4> 93,1 93,2, 9a,1- 10 give the complete
structure we need 10 squares and 45 commutators. However, these are all con-
sequences of the following basic relations:

[Sq%, Sq°] = g2,1, [Sq°, Sq*] = g2,2, [Sq*, Sq°] = 2,4+ 54°q2,192,2,
[S9%, 42.2] = ¢3.1, [Sq° g2,4] = S4°2,295,1 5,2,
[S9%, gs,2] = 94,1, [Sq*, Sq*] = Sq*qa,1,
[Sq*, Sq°] = Sq°Sq*qz,1 +S9°qs,1, [S9% Sq°] = g2,193,1 +59%q2,2,
(5¢")? =0, (Sg°)° = Sq'qs,1,  (S4*)* = Sq°qs,s
(89°)? = Sq*qs,4+597q2,192,2+(S4° +42,1)92,245,1-

6. The perturbations for <3, Over Z, a formalism for handling the systems of
perturbations of D, is fairly easy to arrange. In particular, for /3, the complex
we start with is a divided polynomial algebra

6.01. A(ky,1, k3,2, k3,1, ko4 k2,3, k3,15 k1,8, k1,4, k1,2, k1,1) and any element in
it is a sum of monomials of the form

(ka,1)5,(ks,2)s - - (k1,1)y00

6.1 DerFINITION. The ordered 10-tuple of integers (positive, negative or zero)
(i1, . . ., I10) denotes the operator which sends (ky,,);, - - - (k1,1);,, into the monomial
(ka,1)gy 41,7 7 (k1,150 +1105 Where (ky,s);=1if i=0 and=0if i <0.

Such operators are provided with coefficients from /g, in the evident way,
and iterating two operators with coefficients «(i;- - -i10), B(Ji- - -j10) We obtain
of(iy +ji1,- - - 1o0+J10)- These operators would seem to be sufficient to describe the
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perturbing differentials. However, this is not quite true since the linearization
operator of 2.2 involves the multiplication in the divided polynomial algebra as well
as that in &g, Hence, in iterating two operators, binomial coefficients are intro-
duced which depend on the monomial on which the operator is operating as well
as upon the operator.

For example, if we start with the element (k,,,)i(k; 2);(k1,1)s (appropriate to the
subalgebra of &7 g, generated by Sq*, Sq?), we have the formula

Dy(ekz,)ilk,2)i(k1,1)s) = edga,1(kz,1)i-1(ky,2)(k1,1)s
+8q2(k2,1)ilky,2); - 1(k1,1)s+ Sq (k2,1)i(k1,2)i(K1,1)s- 1}
which corresponds to the operation of
q2.(—1, 0, 0)+Sg%(0, —1, 0)+ Sg*(0, 0, —1)
on the element. Starting the perturbation process, we find

DRl ks D) = o () i slls 106100

N R ANCIY
and we write

This is a typical example of how a binomial coefficient is introduced. Continuing
the process we find :

0D ks ller ) r ) = o) ol o)y -l

and we write

8(D2) = (*;’2)(2, ~3,0).

Here the process stops, and D= D, + 6(D?)+ 6(D3%) gives the differential for the
algebra ;. From this, the calculation of Ext 4, (Z,, Z,) becomes routine.
More generally, we have the evident

6.11 PROPOSITION. The operators in the perturbed differential are sums of opera-
tors ap(iy- - -iy0) where

ap(iy - 'ilo)[ﬂ(k4,1)j1‘ ' '(k1,1)11.)] = Bp(iy- - “dy0s 1 ‘jlo)“[(k4,1)jl i '(k1.1):‘10+im]
where p(iy- - -iy0, j1° * *j10) IS @ product of binomial coefficients and belongs to Z,.

6.2. Before proceeding further we express the operator 6 of 3.21 in this notation:

e[ap(ib RS ilO)]=a,P(i1’ RS ] lk+ 1’ S ] ilO)

provided e=a'q, written in the ordering of 5.12 and g, is the g;; in the kth
position.
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6.3. We now proceed directly to the calculations. To start

D, =q,,(—1,0,0,...,0)+g520, —1,0,...,0)
+4¢5,,(0,0, —1,0---)+¢2,40,0,0, —1,0,...,0)
(6.31) +42,2(0,0,0,0, —1,0---)
+¢,,:(0,0,0,0,0, —1,0- - -)+.5¢%0, 0, 0,0, 0,0, —1, 0, 0, 0)
+S¢%(0, 0, 0, 0, 0, 0, 0, —1, 0, 0)+S¢%(0, 0, 0, 0, 0, 0, 0, 0, —1, 0)
+5¢%(0,0,0,0,0,0,0,0,0, —1).

The first perturbation comes from evaluating D? and we find

%, = p(6)(0,0,0,0,0,1,0,0, —1, —1)+(5)0, 0,0, 0, 1,0,0, —1, —1, 0)
+5(4)(0,0,0,1,0,0, —1, —1,0,0)+ 5(3)(0, 0, 1,0, —1,0,0,0,0, —1)
(6.32) +5(3)(0,0,1,0,0, —1,0, —1,0,0)+ 52)(©, 1,0, —1,0,0,0,0, —1, 0)
+5(1)1, —1,0,0,0,0,0,0,0, —1)+ (1)1, 0,0, —1,0, —1,0, 0, 0, 0)
+5(1)1,0, —1,0,0,0, —1,0, 0,0)+ 52)(©, 1,0,0, —1,0, —1, 0, 0, 0)

where
i\ . ir+jr
PN N Cea Dy Kad) = (") e - Fadior

and of course x is the differential obtained after tensoring over /3, with Z,.
Similarly the terms in x; come about by considering x2+ [x,, x;]+ xZ and taking 0
on this (cf. 3.6).

6.33. X3 is given by:

Coefficient | koy | koa | ko | ko | ko | kan | kue | ks | Koz | kun
p(5)-p(6) 1 1 -2 -1
p(6)- 5(6) 2 -1 -2
p(3)-p(6) 1 1 | -1 -2
p(3)-5(3) 2 | -1 -2
#(3)-p(3) 2 -2 -1
p(1)-5(3) 1| -1 1 -1 -1
A | 2 | -2 -1
A(6)- 5(6) 2 -3
p(3)-p(6) 1 -1 1 -2
p(1)-53) 1 ] -1 1 -2
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Coefficient | k4,1 | ka2 | ks | kaa | ka2 | ko | kis | kia | ki2 | k1
p(3)-A(3) 2 -1 -2
A(1)-5(3) 1 1| -1 | -1 -1
8(2)-p(2) 2 -2 -1
p(5)-5(5) 2 -3
#(2)-5(5) 1 -1 1 -2
p(1)-(3) 1 1 -1 -2
A(2)-5(2) 2 -1 -2
p(1)-p(1) 2 -1 -2
p(3)-5(3) 2 -1 | -1 -1
p(1)-5(3) 1 1| -1 -1
p(4)-5(5) 1 1 -2 -1
p(4)- 5(4) 2 -1 -2
5(3)-p(5) 1 1| =1 | -1 -1
p4)-p(4) 2 -3
p(3)-5(3) 1 1| -1 -2
p(1)- (1) 2 -2 | -1
p(3)-(3) 2 -2 | -1

7. The E,, E; terms of the May spectral sequence.

7.1. The E; term in this sequence is the polynomial algebra on generators
hy 1, hyo By, hyg, By Bo oy Bo sy Bg 1, ha 0, By, from 6.1, and from 6.32 we find

Shy,y = hy by,
8hy.o = hy ohy, 4,
(7.11) 8hg,s = hy ahy s,
8hg,y = hy 1hg,0+hy shs s,
8hy 1 = hyhao+he 1he o+ hy ghs .
Thus we have

7.12 THEOREM.

E; = P(ho, hy, ha, hs, b2,19 by,2, bo,4, b3.1a ba,z, b4,1, u,r)/R
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where R is the set of relations

hihi 1 = 0, h3bs,1+bg,1bs s+ hibs 2 = 0, hou = hyb, 1, hou = hobs, ,
hyr = hib, 4, hyr = hgb, o, hsu = hor = 0, u? = hibs,;+by,1b; 0,
r? = hgb3.2+b2,2b2.4, by,qu = h0h2b3,2a b2,1" = h1h3b3,1-

7.2. From 6.33 we find easily

82by, = hihy+h3,
8%by 5 = hZhg+h3,
8%b, 4 = h3,
82b3,1 = hyby o+ hsbs 1,
82b3 5 = hyby 4,
8%byy = hybs o,

8%u = hohg,

82r = h h2

and this gives all the differentials in E,. Calculating out this gives
7.3 THEOREM. As an algebra E; has a basis consisting of 31 generators:

ho, i, hgy hg, b3, b3 2, B34, b3 1, b3 5, B34,  ¢o = {Mu}, ¢ = {hyr},
dy = {u?}, dy ={r?}, ey = {byou}, e, = {byqr}, K = hybg,,
n = {rhsbs,}, W = {by u(hsbs,)}, X = {hs3bs,}, V = {bg1bs,o+h3bys},
A= {ubss}, = {hobsobsi1bss}, 7 = {hyby 1}, 0 = {hoby 1},
s = {h3byaM + h3bysb3:}, 1 = {b3sbs M},  y = {b3,b; .M},
z={uM}, a={hby1bs.}, a = {bauhsbs b, }
where M =(b31b35+ baoby,).

The reader may work out the enormous number of relations between them if he
wishes. This is made somewhat easier by referring to the graphs of 7.4.

(The calculation is direct, but as an aid it is convenient to construct a spectral
sequence starting from an associated graded version of E, and converging to Ej,
by using the fact that E, is a differential algebra and taking the augmentation
filtration [7].)

7.4. To aid the reader we graph some of the parts of E; (with some extensions).
We first graph the subalgebra with generators hg, hy, hy, hg, b2,, b2s, b4, o, dy, €o,
¢, di, €5, K, W, (Figure 7.41). Note that in 7.41 we give no products with b2,
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but the product of every element present with b2, is nonzero and independent.
Note also that vertical lines connecting two points denote multiplication by A,
while a 45°line is multiplication by A, and a broken line denotes multiplication by
h,. Finally, the horizontal coordinates are t—s (¢ is the “internal degree” and s
the “simplicial degree”’) while the vertical coordinates are s.

The second graph gives the various multiples by elements in the first graph of
the generators X, V, A, 7, 6. In particular, this gives the E, term of our spectral
sequence completely for 1—s=<42. For completeness in specifying these elements
it is also necessary to include a, a’, ¢, z, ¢, y. Thus the family not graphed is
generated by s, and b3 ,, b% ,. Moreover,

E, =~ P(b3,,,b3,)® C

where C is composed of 7.41, 7.42 together with the part given by the five remaining
generators above. Finally, we should point out that the products XV, VA etc. do
not appear in 7.41, but for completeness we have included n, d,, e;, (b;4)? in the
graph.

\\——u

\
\

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
t—s

FIGURE 7.41
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8. The 3* and 8° differentials and Ext ., (Z,, Z,) through the 42 stem.
8.1. By examination we find E3=FE*. However, in E* we have

8.11. THEOREM.
(i) 34b§1=h3haa
(ii) 8*K=hzh,,
(iii) 8%a=hoh26,
(iv) 84631 =hy(bs,)?,
(V) 8462 5= ho(bs,0)?,
(vi) 8*b3,1=hy(bs,2)?
and 8* is zero on all other generators.

Proof. It is easy to check that the 8* differential must be zero on all other genera-
tors for filtration reasons. It remains to verify the remaining differentials. We use
the notation of 3.6.

(i) Let L=kgk4 in our chain complex. We claim its boundary is k3 1k5 k3 +k3 1.

(1) xg(kskb)=Sqks, 1k6™* 4+ Sq2Sqtky kY, thus {[x;x,]+ xT}ksk=qs,1k3,1k6™ 2
+(g3.1+ 59%G2,1)k2,1kb™% and
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(2) xg(kskb)=ks ko kb™ 2+ Sq*k3 1k62 hence {[x,, x3]+ [xy, Xo]+ x3 4+ xF}H(k3k)
=89%q3,,kb™® so

(3) x4(kskb)=Sq%k3 kb2 implies {[xs, x,]+ [x3, X214+ [x3, X114+ x5+ [x5, x;]+ x{}
x (kgkb)=k% 1kb~* and here the process stops and (i) follows.

(i) Let K(j)=kZk} then
) x(K(j)) = Sq*ks,4kh+Sq"q5,1k2,0kh

+(Sq®+42,1)92,2k 3,1k + Sq?ks, 1 kskh™ 1 + Sq2Sqtks,  kak) ™

and (ignoring terms on which S® will be zero).
{x2+ [x1, X, 1K(J) = S4°G2,195,1k2,2k™ 1 +(Sq% +q2,1)q5,1k3, k571
+q2,193,1k3,1k5™ 1 +(59'q2,293,1 + S4°qa, )k 2,1 k51
+(59%q2,1+4s,1)kz,1k3kb ™2,

thus
@) x3(K(j)) = Sq’qa,1ks,1ko,0kh™ 1 + Sq°k3 1 kH 1

+89°q2,0ks, 1k, 1 kb~ + Sq*k3, 1kakh™ 2 + kg 1Ko, 1 kskh 2,
3) xy(K(j)) = Sq*k3, kg okh™ 2+ ky 4k3 K52

+8G°q2, 1k, 0k3 1 kb2 + Sq2k3 1k k3.
Hence the reduced boundary of k2k? is ks sk% ; +k3,1k2,1ks. On the other hand,

(x2+x3)k31ksky = kook3 1 +ks, ko, 1ks+k3 1ko
and (ii) follows.
(iii) hoa= K9, hence 8*K0=~hh20 so 8*(a)=h.h20+v and by observation v=0.
(iv) [Sq% g2,21=(g2+59%)gs,1 [S9°, 9221=594s,1 [SG°, 2,21=54"¢s,1 [Sq*, g22]=
gs,1 thus x,(k¥hk,)=k$, and this proves (iv). The remaining cases are similar.
8.2. After calculating E5 through t—s<42 we find the only possible remaining
differential is a 8®. Specifically 8®(b% ; K)=uh§V where u=0 or 1. In fact we have

8.21 PROPOSITION. (2) ha(b2,K)=Hh4V and (b) 8©(b%,K)=hV.

8.22 REMARK. 8.21. (a) was first observed by M. Mahowald using very sophisti-
cated methods. It implies (b) since h§h;=0 and the only thing which can hit A§V
is (b%,,K). We prove 8.21 using only the theory developed here.

Proof. We build up cycles dual to V, ..., hiV,

(0) k% ,k%,, is a cycle dual to V.

(1) 0k3 ok3 kb =ky, ks ok3,1kb™" so k3 ok3 1ko+ky 1k 4k3 1k, Tepresents a cycle
dual to A,V.

(2) ky,1kz,4K3 1K1k adds error karkask3,kb™ s0 k3 ok3 k3 + k4, ks 4k3 1K1kKo
+k% ,k%,, represents (h3V)*.

(3) k4 1ko, 4k3 1k kb now adds a further error, namely kg k3 .k%,k.k6 2. To
correct this we add
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k3 1k3 1ksk, (note here that though kZ,k; contributes a term k2, since (3)=0(2)

this term does not appear).

(4) k3,1k3 1ksk ko adds error k$,k3,ks while k3 k3 k3 adds k2 ,k, 4k3,. Thus we
add k3,k$ 1ksk, which adds error k4 kg k%,k,. We correct this in turn with
ksikq4k$ 1ko. Note that the term k3 k2 kskiko+k32 k3 1ksks in (R§V)* shows
hy(b3,K)=h§V+ . However, there is only A3V in (38, 8) and 8.21(a) follows.
Thus as noted in 8.22 the proof is complete.

8.4. Now using 7.41, 7.42 it is a routine matter to calculate the E,, term of the
spectral sequence for 1—s<41 and we tabulate the result in Figure 8.41 (actually
we have done all the work to determine Ext'y, (Z5, Z;) for £ —s much larger than 40

but we leave this to the reader).

- 8,

g — - lﬂﬂ.
bhhy — - -~ b,
4 -7

a

0’

_ ,l7 |
h, - B
/hl/ hg ,"
1) 2 4 6 8 10

12 14

16 18 20 22 24 26 28 30 32 34 3 38

FIGURE 8.41
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